MAlH sUL heal Analysis rroblem oSet 4

Problem 1

Cauchy sequences. Let (x,),>1 be a Cauchy sequence in R. Prove that (z,) converges, carefully
establishing both the existence of the limit and that the sequence attains it.

Hint: First show that every Cauchy sequence is bounded, then extract a convergent subsequence via the
Bolzano—Weierstrass theorem.

Problem 2

Integrability and absolute value. Let f : [a,b] — R be Riemann integrable.
(a) Prove that |f| is Riemann integrable on [a, b].

(b) Establish the triangle inequality for integrals:
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Problem 3

Pathological example. Construct an explicit function f : R — R such that:
e f is continuous nowhere, yet

e |f| is continuous everywhere.
Prove that your construction has the claimed properties.

Problem 4

Absolute convergence. Let (a,)n,>1 be a sequence of real numbers.
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(a) Prove: if Z lan| < oo, then Z a, converges.
n=1 n=1

(b) Determine whether the converse holds. If false, provide a counterexample.




